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Abstract—The most commonly used equivalent circuit for trans-
formers is the traditional (Steinmetz) -equivalent proposed to-
ward the end of the 19th century. This model has two leakage
impedance branches and one magnetizing branch. The model
properly represents the terminal behavior of the transformer for
most low-frequency operating conditions. Another model derived
from the principle of duality between magnetic and electric cir-
cuits exists, the equivalent circuit, which has two magnetizing
branches and one leakage branch. This paper shows that while
the two equivalent circuits provide the same accuracy in steady
state, better accuracy for the calculation of inrush currents is ob-
tained with the -equivalent circuit. Laboratory tests performed
on three transformers with different characteristics demonstrate
that inrush current simulations with the equivalent circuit can
have errors up to 73%, while the equivalent estimates the mea-
surements in every case within a few percent.

Index Terms—Duality, inrush currents, transformer equivalent
circuits, transformer modeling.

I. INTRODUCTION

F OR LONGER than a century, the generally accepted
equivalent circuit for a two-winding transformer has been

the equivalent. This model has the leakage inductance
divided into two branches—one is associated with the primary

and the other is associated with the secondary winding
. The model is completed with a shunt magnetizing branch

(composed by the parallel , ); see Fig. 1. The originator
of the equivalent circuit seems to be Steinmetz in 1897 [1]. A
detailed discussion of the physical meaning of the elements of
the equivalent circuit is also given in [1].
As early as 1925, Boyajian [2] demonstrated the impossibility

of a physically meaningful resolution of the leakage inductance
as belonging partially to the primary winding and partially to
the secondary winding (as is done in Fig. 1). The leakage in-
ductance can only be defined (or measured) for a pair of wind-
ings. Therefore, the equivalent circuit should be seen only as
a terminal equivalent circuit since its elements do not have any
physical relationship with the building components of a trans-
former (core and windings).
Cherry [3] in 1949 showed that equivalent circuits for trans-

formers could be conveniently obtained from the principle of
duality between magnetic and electric circuits. When duality is
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Fig. 1. equivalent circuit.

Fig. 2. equivalent circuit.

applied to a single-phase transformer (both core and shell types),
the obtained model has only one leakage inductance branch in
series and two shunt magnetizing branches (see Fig. 2). In 1951,
Boyajian [4] discussed the benefits of the equivalent circuit,
emphasizing the unity of the leakage reactance between a pair
of windings.
In 1953, Slemon [5] generalized the theory of duality and

showed how nonlinearities can be introduced into the circuit
elements of the equivalent since they have a one-to-one
relationship with the transformer flux paths. Duality-derived
models have long been used for the calculation of electro-
magnetic transients [6]–[8]. However, they have not made
the transition to steady state. The reason is perhaps that for
steady-state studies (not involving heavy saturation), the
model gives almost perfect results. Moreover, for the most
common power system studies such as: load flow, short circuit,
and stability, the (shunt) magnetizing branch, whose impedance
is normally very large when compared to the (series) leakage
impedance, is often neglected. This renders the two circuits
identical.
This paper shows, experimentally and analytically, that there

are conditions where the equivalent circuit is not capable of
properly representing the transformer under heavy saturation
conditions. For example, when a transformer has large leakage
inductance and the core saturates, the equivalent circuit fails
to reproduce the terminal behavior. Errors in the order of 73%
were measured with the equivalent circuit in the inrush cur-
rents for transformers with relatively large leakage inductance.
To explain the reasons why the model performs better

than the model, three existing transformers with different
parameters were selected for the experimental study: 1) A
standard transformer , which is characterized by typical
leakage and magnetizing inductance values; 2) A standard
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torodial transformer , which is characterized by having
large magnetizing inductance and very small leakage induc-
tance; 3) A second toroidal transformer designed with no
overlapping sectored windings of 180 . This produces a very
large leakage inductance. The geometrical information is given
in Table VIII.
In the next section, the parameters of the equivalent circuit for

each transformer are measured and compared. In Section III, the
air-core inductance, essential for the proper calculation of inrush
currents, is computed with 3-D finite-elements simulations. In
Section IV, the inrush performance of the two models is com-
pared. In Section V, a parametric analysis on how the division of
the leakage and magnetizing inductances affect the transformer
inrush current is presented. Finally, in Section VI, the large er-
rors obtained with the model are explained by analyzing the
variation of the open-circuit impedance as the core saturates and
the leakage inductance increases.

II. PARAMETER MEASUREMENT

Accurate determination of the transformer magnetizing and
leakage parameters is of paramount importance to produce a
correct comparison of model performance. To determine the pa-
rameters, the procedures of the IEEE Standard C57.12.91-1995
[9] for open-circuit and impedance tests were followed. The
measurements of instantaneous voltage and current are obtained
very precisely using a YOKOGAWA 2-MHz power analyzer
(PZ4000), with a sampling rate of 20 s. From the measuring
system, 833 samples per cycle of voltage and current are ob-
tained. The rms values for voltage and current are computed
from basic principles as follows:

(1)

The active power is computed from the average of the instan-
taneous power as

(2)

The reactive power is calculated with the following formula:

(3)

A. Open-Circuit Test

The low-voltage (LV) winding of the transformer is energized
with rated voltage, keeping the high-voltage (HV) side in open
circuit. The terminal voltage of the HV (open) side and current
of the LV (connected) side are captured.

B. Impedance Test

The HV winding is energized with the LV winding short-
circuited. The voltage applied is varied from 4% to 20% of the
rated voltage to obtaint the rated current in the LV winding (see
Table I).

TABLE I
RESULTS OF THE STANDARDIZED TESTS ON THE THREE TRANSFORMERS

C. Calculation of Circuit Parameters

Table I shows the results of the standardized open-circuit (oc)
and impedance or short-circuit (sc) tests (at 60 Hz) for the three
transformers under study. The parameters of the equivalent cir-
cuits are computed with the following expressions:

(4a)

(4b)

(5)

where and are the active powers computed from the
short-circuit and open-circuit tests, respectively. is the
open-circuit reactive power. and are the rms values
of short-circuit voltages and currents, respectively. and

are the rms values of open-circuit voltages and currents,
respectively. is the total (series) leakage inductance. is
the magnetizing resistance, is the magnetizing inductance,

and are the primary and the secondary ac resistances,
respectively, and 60 Hz.
The total series ac resistance is computed from

(4a). Individual breakdown of the resistances is needed for the
equivalent models. In addition, primary and secondary leakage
inductances are also needed for the model. When no infor-
mation is given on the value of the individual dc resistances, di-
viding the leakage (and ac resistance) equally into the twowind-
ings [10] is accepted. For this paper, measurement of the dc re-
sistance was performed. Therefore, the leakage inductance and
ac resistance are divided into two as it is traditionally done in
proportion to the dc resistances [11]; see Table II. In Section V,
this division of the leakage impedance is varied over a wide
range to gauge the effect of having more or less leakage to each
side. The magnetizing parameters of the model are obtained
directly from (5).
For the model, the leakage inductance is obtained directly

from (4b), and the magnetizing parameters are the double of
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TABLE II
CIRCUIT PARAMETERS FOR AND MODELS

Fig. 3. Hysteresis cycles of the transformers (standard design), (re-
duced leakage), and (enlarged leakage).

those obtained from (5)[8]. Therefore,
and . Also, in Section V, this division
of the magnetizing impedance is varied over a wide range to
determine the effect of assigning more or less magnetization to
each side. The parameters computed from rated measurements
are shown in Table II.

D. Hysteresis Cycles

A family of hysteresis curves was obtained for each of the
three transformers under test. These hysteresis curves are ac-
quired from the measurement of the instantaneous values of
voltage and current. Faraday’s Law is then used to convert the
induced voltage into flux. The hysteresis cycles of transformers
, , and are shown in Fig. 3. In Appendix B, the numer-

ical values of the upper part of the cycles are given (as required
by the EMTP-RV [12]).
One can appreciate from Fig. 3 that the standard trans-

former shows traditional hysteresis cycles. The toroidal
transformers ( and ) have flat and narrow hysteresis
cycles. This is so because there are no gaps in the core.
Fig. 4 shows a zoom on the hysteresis cycles of the toroidal
transformers. Note that the transformer with enlarged leakage

has a slightly wider cycle, but the saturation flux is the
same.

Fig. 4. Hysteresis cycles of the toroidal transformers ( and ).

TABLE III
AIR-CORE INDUCTANCE FOR THE TRANSFORMERS

III. AIR-CORE INDUCTANCES

It was not possible to measure the deep saturation section re-
gion of the hysteresis loops in the lab due to the large power
requirements (high voltage and high current). Yet, this region is
of paramount importance to properly compute the inrush cur-
rents. 3-D finite element (FEM) simulations were performed
to determine the air-core inductance. The commercial program
COMSOL Multyphisics was used for this purpose [13]; see
Appendix A.
The dimensions of the LV winding were used for the finite-

element method (FEM) simulations using air cores. The volume
magnetic energy is extracted directly from COMSOL and then
the inductance is calculated using the following formula:

(6)

Table III gives the air-core inductances of the three trans-
formers studied in this paper. Note, however, that the con-
struction details of the standard transformer are not known.
Therefore, an estimation was obtained from the inrush tests.
The hysteresis curve is extended using the air-core inductances
as the slope from the last measured point to infinity. These
values are included in the tables of Appendix B.

IV. MODEL COMPARISON

A. Description of the Inrush Current Experiments

Starting with the transformer core demagnetized, the worst
conditions (maximum inrush currents) occur when the energiza-
tion coincides with the voltage-wave zero crossing [14]. This
situation can be reproduced in the laboratory by connecting the
transformer through a zero-crossing detecting switch as shown
in Fig. 5. To obtain accurate and consistent inrush current mea-
surements, any remanence in the transformer from the previous
energization must be removed [15]. The remanence removal
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Fig. 5. Model of the experimental setup for measuring inrush currents.

Fig. 6. Inrush current comparison: Experimental versus simulated results using
and models for transformer (standard design).

process was done by gradually reducing the voltage to zero be-
fore de-energizing the transformer from the source.
A zero-crossing switch consisting of voltage regulators, optic

isolators, digital-logic control circuits, and metal–oxide field-
effect transistors (MOSFETs) is used to switch-on the trans-
former. When the source voltage crosses zero, the switch is
closed and the waveforms of inrush current are captured with
the power analyzer. The results are compared with simulations
in the next section.

B. Simulations Versus Measurements

The EMTP-RV [12] was used for the simulation of the tests
described in Fig. 5 using the two equivalent circuits (Figs. 1 and
2). The nonlinear characteristics of all inductors representing
iron-core components are modeled with the built-in hysteresis
fitter (using the data computed in the previous section). The
short-circuit impedance of the source was measured, which is
almost purely resistive with a value of 0.1444 .
Figs. 6–8 compare the results obtained by simulation using the
and models against the measurements for the three trans-

formers under study.
Fig. 6 shows the results for the standard transformer . The

peak value of the inrush current using the model is 121.1 A,
which is very close to the experiment result (123.7 A). In this
case, the difference is only 2%, while the T model gives 111.7
A, which corresponds to 10% difference with respect to the ex-
periment result. The current shape of both models follows the
same path for low currents and only toward the peak they sepa-
rate. The peak of the measured inrush current is about 10 times
larger than the rated 11.78 A peak (8.33 A rms).
Fig. 7 shows the results for the toroidal transformer ,

whose main characteristics are to have very small leakage in-
ductance and very large magnetizing inductance (see Table II).

Fig. 7. Inrush current comparison: Experimental versus simulated results using
and models for transformer (very small leakage inductance).

Fig. 8. Inrush current comparison: Experimental versus simulated results using
and models for transformer (very large leakage inductance).

The model and experiment give the same value for the first
peak (254.5 A), while the model shows 241.4 A. In this case
for the model, the difference is about 5% at the peak with the
experiment result. For this transformer, the measured inrush
current is about 22 times larger than the rated current.
Fig. 8 shows the results for the toroidal sector wound

transformer , whose main features are to have a very large
leakage inductance and a very large magnetizing inductance
(see Table II). In this case, the measured peak of the inrush
current is 201.4 A peak (about 17 times larger than the rated
current).
The model gives 179.4 A at the first peak, which repre-

sents a difference of 10.9% with respect to the experiment re-
sult, while the model yields 54.9 A, which corresponds to a
very large error of 72.7% at the peak.
Note that the measured peak inrush current of transformer

is about 26% larger than the peak inrush current of transformer
. This is because of the larger leakage inductance value of the

transformer in comparison to (almost 38 times) which
limits the inrush current considerably.
For all three transformers, the model gives more precise re-

sults than the model. When the leakage inductance is small
(transformers and ), the model results are also accept-
able and relatively close to the experiment, but when the leakage
inductance is large (transformer ), the and models be-
have quite differently: the model shows very large error, while
the model is close to the experimental results.
From the results of the simulations and measurements of this

section, one can conclude that model selection plays an impor-
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Fig. 9. Inrush current comparison using the model for transformer under different division factors for the leakage inductance. (a) Error with respect to the
experiment. (b) Inrush current waveforms.

tant role in the calculation of inrush currents when the leakage
inductance is large. We make the statement that the model
should be always used, not only because its elements have a
clear physical meaning, but also because large errors may ap-
pear when using the traditional model. Both circuits are very
simple, the model has only one more circuit element (7 versus
6) than the model, but the equivalent may provide better re-
sults under heavy saturation conditions.

V. PARAMETRIC STUDIES

In this section, a parametric analysis of how the division of
the leakage and magnetizing inductances affect the calculated
inrush currents using the and models is presented.
Transformer has been selected to illustrate the parametric

simulations because this is the one that presents larger varia-
tions; see Table IV. The first column presents a division factor
used to split the total leakage inductance into primary

and secondary sides of the model. For example, the first row
(corresponding to 0) presents the case when all leakage in-
ductance is entirely on the secondary side of the model. In the
next row 10%), 10% of the leakage is placed on the pri-
mary side and 90% on the secondary side. In the last case
100%), all of the leakage inductance is on the primary side of
the transformer.
The last column of Table IV presents the errors in the calcu-

lated peak currents between the model and the experimental
results. From the results, it is obvious that increasing the pri-
mary side leakage limits the inrush current considerably,
which causes large errors. For the case in which the division
factor is 50% [10], the error is 71.97%; when the leakage induc-
tance is divided based on the dc resistances (as recommended in
[11]), the error is 72.7%; and the error is zero when only 2.7% of
the total leakage inductance is on the primary side of the trans-
former. Fig. 9 compares the inrush current waveforms for five
different cases using a 25% division factor. From the figure, one
can observe that the inrush current computed with the model
shows large sensitivity, especially at the beginning.
To study the splitting of the magnetizing impedance in the
model, a division factor of 25% has been selected. The total

magnetizing current between the two magnetizing branches is

TABLE IV
PARAMETRIC STUDY OF MODEL (LEAKAGE INDUCTANCE DIVISION)

TABLE V
PARAMETRIC STUDY OF THE MODEL (MAGNETIZING INDUCTANCE DIVISION)

divided proportionally. Remember that the magnetizing model
is nonlinear since it includes saturation and hysteresis. As
shown in Table V, the first and last cases (with division factors
of 0 and 100%, respectively) are equal to the cases with one
magnetizing branch. Therefore, for these two cases, the results
are exactly the same as the first and last cases of the model
(see Table IV).
In all other cases, the error is smaller than for the model.

The error is zero when the division factor is about 32.5%, and
for a 50% division factor, the error is 10.9% (as presented in
Section IV). Fig. 10 compares the inrush current waveforms for
the different cases with the experiment result. Analyzing Figs. 9
and 10, one can see that the calculations are less sensitive to the
division factor in the model than in the model.
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Fig. 10. Inrush current comparison using the model for transformer under different division factors for the magnetizing impedance. (a) Error with respect
to the experiment. (b) Inrush current waveforms.

Fig. 11. equivalent circuit for the transformer at nominal voltage.

Fig. 12. equivalent circuit for the transformer at nominal voltage.

VI. ANALYSIS OF THE TERMINAL IMPEDANCE

In this section, the large errors obtained with the model
are explained by analyzing the variation of the open-circuit
impedance as the core saturates ( reduces). In addition,
the effect of increasing the leakage inductance is pre-
sented. The (open circuit) equivalent impedance for the and
equivalent circuits can be computed from series-parallel

simplifications of the circuits of Figs. 1 and 2, respectively, as
follows:

(7)

(8)

Using the values for the enlarged leakage transformer
from the first column of Table II, we find the equivalent circuits
of Figs. 11 and 12
The effect of increasing the leakage inductance on the ter-

minal impedance is studied by varying the parameters of the
equivalent circuits of Figs. 11 and 12. The leakage inductances
, together with and , were increased (one thousand

times) in small steps. Fig. 13 shows the terminal (open cir-
cuit) impedance for the and models against the leakage

Fig. 13. Variation of the terminal (open circuit) impedance with respect to
the ratio of leakage versus magnetizing inductances increasing the leakage
inductance.

Fig. 14. Variation of the terminal (open circuit) impedance with respect to the
ratio of leakage versus magnetizing inductances reducing the magnetizing in-
ductance.

inductance (normalized with the magnetizing inductance ).
One can see that for small ratios, both circuits give the
same terminal impedance. This is the normal region because

for most transformers. However, as the ratio
increases, the impedance of the model increases much faster
than the impedance of the model. Under heavy saturation con-
ditions, is small. This explains why the model underes-
timates the inrush currents for transformers with large leakage
inductance (see Fig. 8).
To study the effect on the open-circuit impedance of the re-

duction of the magnetizing inductance due to saturation, , to-
gether with , were decreased in small steps
to a value of 1000 times smaller. The terminal impedance calcu-
lations (shown in Fig. 14) indicate that the saturation of the core,
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Fig. 15. Variation of the terminal (open circuit) impedance with respect to the
ratio of leakage versus magnetizing inductances for an increased leakage induc-
tance transformer.

Fig. 16. (a) Magnetic flux density for the transformer . (b) Magnetic flux
density for the transformer .

by itself, is not responsible for the large terminal impedance dif-
ferences between the and models. When the leakage in-
ductance of the transformer is increased 10 times from 0.692 to
6.92 mH, the impedance variation of Fig. 15 is obtained. Small
differences exist when the magnetizing inductance is large (not
saturated), but larger differences can be observed when the mag-
netizing inductance is small (saturated).
The results of this section explain why bothmodels give about

the same inrush current for transformers with small leakage in-
ductance; see Figs. 6 and 7. Looking at the topology of the two
circuits (Figs. 11 and 12), one can observe that in the model,
the primary winding leakage inductance limits the circu-
lation of current to the magnetizing branch. This prevents large

TABLE VI
NUMERICAL VALUES OF THE HYSTERESIS
CYCLE OF TRANSFORMERS (T-MODEL)

currents (especially inrush when the core saturates) to be drawn
by the transformer. In the model, thepathof the inrushcurrent is
open to one of the magnetizing branches. Therefore, in this case,
the model is more precise than the model (see Fig. 8).

VII. CONCLUSION

This paper has shown experimentally that the traditional
model of transformers may yield large errors when computing
inrush currents. This is especially true when the transformers
have large leakage inductance. Better accuracy for the calcu-
lation of inrush currents has been obtained with the equiva-
lent circuit. Laboratory tests performed on several transformers
demonstrate that inrush current simulations with the equiva-
lent circuit could under predict the inrush currents by as much
as 72.7%, while the equivalent circuit predicts the measure-
ments with a small percent error.
Physical, numerical, and analytical explanationson the perfor-

mance difference of the twomodels were given. The topology of
the model, having the primary winding leakage inductance el-
ement before amagnetizing branch, is the cause for themodel in-
accuracies since it (incorrectly) limits the circulation of current
to the magnetizing branch when the core saturates.

APPENDIX A
AIR-CORE INDUCTANCE

Since it was not possible to measure the air-core inductance
in the lab because of the high-power requirements, 3-D finite-
element simulations were performed. Fig. 16(a) and (b) shows
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TABLE VII
NUMERICAL VALUES OF THE HYSTERESIS
CYCLE OF TRANSFORMERS (PI-MODEL)

TABLE VIII
CONSTRUCTION INFORMATION OF THE TOROIDAL TRANSFORMERS UNDER

TEST

the top view of the distribution of the magnetic flux density
for the and transformers, respectively. Transformer

has the winding distributed over the entire 360 , while
transformer occupies only 180 . From Fig. 16(a), one can
see that the field is mostly contained inside the coil with higher
flux densities toward the inner diameter. Fig. 16(b) shows that
for the transformer, the flux density is concentrated inside
the wound semicircle, but the return through the air is quite
scattered.

APPENDIX B
VALUES OF THE HYSTERESIS CYCLES

Tables VI and VII present the numerical values of the hys-
teresis cycles used for the and models for the three trans-
formers. Note that because the model has two shunt inductors,
the value of the current is half for the same flux.
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